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1. Introduction 

Let Q C M. n be an open bounded set and let K C M mxn be a set ofmxn real matrices. We 
study the problem of whether there exist solutions to the differential inclusion 

in V'(n;R m ), 

(1.1) {VgK a.e. in n, 




for some given F G M mxn . Our interest in this question arises, in particular, from applications 
to the study of the Born-Infeld equations. In fact, we will consider a special case of ([Lip , when 
m = 2, n = 3, and the set K is related to the so-called Born-Infeld manifold. Further applications 
of solenoidal differential inclusions can be found in the study of composite materials, as well as 
linear elasticity and fluid mechanics (see, e.g., [5], [TT], [2J, [3]). More generally, problem (jl.l|) 
falls into the framework of -4-quasiconvexity, where the differential constraint on the function 
V is replaced by more general ones (see, e.g., [1]). 

Our approach to (jl.ip is based on the extension to the div-free setting of the well-known 
method of convex integration. The latter has been introduced and developed by Gromov to 
solve partial differential relations in connection with geometric problems. In this context the 
problem is to find gradients, i.e. curl-free fields, that take values in a prescribed set of matrices, 
namely, solutions of the partial differential inclusion 



Vue K . 
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We refer to Gromov's treatise [6] for a detailed exposition and further references concerning the 
existence of C 1 solutions. Miiller and Sverak [10] have subsequently adapted this method for 
constructing regularity counterexamples for elliptic systems. For an overview on the techniques 
and results available in the Lipschitz setting we refer the reader to [8] . Let us also mention that 
extensions of the convex integration methods to constraints different from curl can be found in 
®. 

The purpose of this paper is to extend this method to the div-free setting in order to solve 
(|1.1|) . This is the content of Section [3J Our main result, Theorem I3.8| states that problem (|1.1|) 
admits a solution whenever K can be "approximated" in the sense of Definition 13.71 and F lies 
in the interior of some appropriate hull of K. 

In Section H] we specialize the results obtained in Section to the case of a partial differential 
relation arising in connection with the Born-Infeld equations. Let us briefly introduce the 
problem. The Born-Infeld system is a non-linear version of Maxwell equations which can be 
written as 



(L2) 8tD + cur , ( - B + O _ dlB + cur , (g±f^) ^ , 

div£> = divB = , 

where the unknowns D, B : Q x [0, T] C R 3 x R + — > R 3 are divergence free fields and the 
functions P and h are defined by the following relations 



(1.3) P = DAB, h= ^1 + \B\ 2 + \D\ 2 + \P\ 2 . 

Relations (j 1 . 3 j) define a six-dimensional manifold in R 10 , that we call the Bl-manifold and denote 
by A4. We refer to Brenier pQ for the mathematical analysis and many further references on the 
Born-Infeld equations (|1.2|) . Here we only give a brief account of those arguments of [T] which 
give rise to the question addressed in this paper. The starting point is to observe that if (D, B) 
are smooth solutions of (|1.2|) . then P and h satisfy the additional conservation laws 



(1.4) dth + divP = 0, 

n n ™- (P®P-B®B-D®D\ /1\ 
t P + Drv( ) = curl (-) . 

This suggests to lift the 6x6 system (|1.2p to a 10 x 10 system of conservation laws by adding 
equations (jl.4p . regardless condition (|1.3p . Namely, one regards P and h as additional unknowns. 
The resulting augmented system (jl.2|) - ()1.4j) enjoys remarkable properties which allow for an 
easier analysis than the original system (| 1 . 2 j) (see pQ for more precise details). Of course, 
among all solutions of the augmented system, only those with initial conditions valued in the 
Bl-manifold genuinely correspond to the original system (|1.2p . as they continue to satisfy (|1.3p 
also for positive times. A natural question then, is to understand which initial conditions can 
be weakly approximated by initial conditions valued in the Bl-manifold M. This is exactly 
the object of Section SJ Specifically, we investigate the following question. Given a sequence 
{Vj} = {{I) r llj. r r hj)\ C L P (0;R 10 ), such that 
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(1.5) divDj = divBj = in V'(fl), 

(1.6) Vj E M a.e. in tt, 

(1.7) t$ - V in L p (ft) , 

what is the range of the limit function VI It is known that V takes values in convex hull M c of 
M. Conversely, given V = (D,B,P,h) E LP(Q;R 10 ) with V £ M c a.e., and div£> = divB = 
in T>'(Q), does there exist a sequence {Vj} satisfying (|1.5p - (|1.7|) ? The answer to this question 
is already present, to some extent, in [I], though only mentioned. In Section [4.11 we clarify it 
further by setting the problem in the framework of Young measures. We also remark that, by 
this approach, one can only obtain a sequence which satisfies (|1.5p - (|1.6p approximately. Namely, 
either we have 

dwDj = dwBj = and dist(Vj,M) — » in measure, 

or 

div.Dj — > , divBj — > strongly in W~ 1:P ' and Vj € M a.e . 

In order to obtain a sequence which satisfies both the constraints (|1.5p - (|1.6p exactly, we will use 
the method of convex integration developed in the first part of the paper. This is the content 
of Section 14.21 Specifically, we will prove the following theorem 

Theorem 1.1. Let F E Int(.M c ). Then there exists a sequence {Vj} = {(Dj, Bj, Pj,hj)} C 
L°°(0;]R 10 ) such that 

divDj = div-Bj = in V(Q), 
Vj € M a.e. , 

Vj ^ F in L°° - weak* . 
2. NOTATION 

For a matrix A = (A^) E M mxn , we denote by A 1 the ith column of A, and by A, the ith row 
of A. We say that a matrix field V E L 1 (0;M mxn ) is divergence free, and we write Div^ = 
in V'(Q; M. m ), if each row of the matrix field V is divergence free in the distributional sense. We 
denote by M the six-dimensional manifold in 1R 10 defined as 

(2.1) M := {(D,B,P,h) Cl 3 xl 3 xl 3 xl: P = D AB,h = y/l + |£>| 2 + \B\ 2 + \P\ 2 } , 

and by A4 C its convex hull. For the topological interior of Ai we write Int(.M). In Section [4.21 
we use the identification M 10 ~ R 3 D x M.% x R% x R h , and for any M = (M 1 , M w ) E M 10 , we 
write 

M = (M D ,M B ,M P ,M h ) eR% xM| xR 3 p xM h . 
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3. Convex integration for solenoidal fields 

We adapt the method of convex integration to the div-free setting, by essentially following 
i- 

We will work with potentials of divergence free fields. Therefore we introduce the differential 
operator C : (W 1 ' 00 ^; M nxn )) m -> L°°(ft; M mxn ) , defined as 

n QQk 

(£(G)) k . ~> l<k<rn,l<j<n, G = (G 1 , . . . , G m ) . 

Lemma 3.1. Let G k £ W 1,00 (VL; M nxn ) be matrix fields for 1 < k < m, such that the tensor G k 
is skew symmetric for every k, i.e., G k j = —G^. Then the matrix field C(G) is divergence free. 

Remark 3.2. In the case of three dimensions, i.e. for n = 3, the operator C reduces itself to 
the curl operator. Indeed, in Section [4.21 we will work with solenoidal fields that are images of 
the curl operator. 

The next result provides the basic construction that allows one to define a divergence free 
field whose values lie in a small neighborhood of two values, and whose potential can be chosen 
to be zero on the boundary. 

Lemma 3.3. Let A,B £ M mx ™ and let F := 9 A + (1 - 9)B for some 9 £ (0, 1). Assume that 
rank(A - B) <n-l. Then for each 5 > 0, there exists V £ L°°(0; M mxn ) such that 

V = C(G) + F with G £ (W 1,00 (n; M nxn )) m and piecewise linear, 
G\an = , 

dist(V,{A,B}) <5. 

Proof. Without loss of generality we may assume that (A — B)e n = 0, and F = 0, so that we 
can write A = (1 — 9) (A — B) and B = — 9(A — B). If not, we can replace A and B by A — F 
and B — F respectively. We first construct a solution for a special domain Q £ and then we will 
complete the proof by an application of the Vitali covering theorem. Let S\ := (—1, l) n_1 x (0, e) 
and let x '■ — > {0, 1} be the characteristic function of the set (—1, x (0,e9): 



j 1 if < x n < s9 , 
1 if z9 < x n < e . 

We then define U := \A + (1 — x)B and remark that U is divergence free, since (A — B)e n = 0. 
We seek a potential P of U. For each k = 1, . . . ,m, and j = 1 . . . , n, let 



A kj x n if < x n < e9 , 

Bkj(x n - e9) + e9A kj if e9 < x n < e , 



pk _ 

jn 

Pi H = otherwise. 



It is readily seen that U = C(P). Moreover P is piecewise linear and P = at x n = and 
x n = e, but P does not vanish on the whole boundary of J7 e . In order to find the sought function 
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G, we first remark that, for each k = 1, . . . , m, the function P k is proportional to A k — B k and 
compute {Pn,A k - B k ): 



(P k A k - B k ) - 



\A k -B k \ 2 (l-0)x n i£0<x n <ee, 
\A k - B k \ 2 9(e - x n ) iie9<x n <e. 

Note that (P*, A k - B k ) > in S\. For each k = 1, . . . , m, we introduce the function 



Q k n (x) := -e0(l - 0)(H + • • • + |x n _i|)(A fc - B fc ) 

and set 

(3.1) P k :=P k + Q k n . 

The function P k is piecewise linear and satisfies (P k , A k — B k ) < on dQ E . On the other hand 
{P k , A k — B k ) > in a neighborhood of the segment {x G £l £ : x\ = ■ ■ ■ = x n ^i = 0}. Set 

£ := {xeQ £ :(P k ,A k -B k )>0}, 
and define U := £(P), where P G (PF 1 ' 00 ^; M nxn )) m is defined by j33]) and 

pfc _ _ 5fc 

jn nj ' 



P*;- = otherwise. 



Then 



P G (W' 1 ' 0o (fi e ;M nxn )) m is piecewise linear, 

||P|| ioo( n E) < £0(1 — 0)1-4 -B\, 

dist(J7, {A, P}) < e0(l -6)\A-B\. 

By the Vitali covering theorem one can exhaust fi by disjoint scaled copies of Q e . More precisely, 
there exist G (0, 1) and Xi G £1 such that the sets := X{ + rjf2 e are mutually disjoint and 
meas(Sl \ Uf2*) = 0. Then we define 



G(x) :-- 



r i P{r i l (x - Xi)) if x G ft l e , 
elsewhere . 



Finally we set V := C{G). By choosing e sufficiently small, it can be easily checked that V 
satisfies all the required properties. 

□ 

Next we study the problem of finding a divergence free field taking values in an open set K 
and with a prescribed average F. From Lemma 13.31 we know that such problem can be solved 
provided that F = OA + (1 - 0)P for some G (0, 1) and A, B G K, with rank(A - B) < n - 1. 
We will see that this procedure can be iterated. More precisely, if rank(P — F 1 ) < n — 1, and 
F' = 9'A' + (1 - 6')B' for some 0' G (0, 1) and A', B' G K, with rank(A' - B') < n - 1, than 
the above problem can be solved also for fiF + (1 — n)F' for all /u G (0, 1). This motivates the 
following definition. 
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Definition 3.4. We say that K C M mxn is stable under lamination (or lamination convex) if 
for all A, B G K such that rank(yl — B) < n — 1, and all 6 G (0, 1), one has 9A+(1 — 0)B G K. 
The lamination convex hull K is defined as the smallest lamination convex set that contains 
K. 

Remark 3.5. It can be easily checked that the lamination convex hull K L is obtained by 
successively adding rank-(n — 1) segments, i.e., 

K L = \JK\ 

i 

where K° = K and 

tC := K 1 ~ 1 \J{C :3A,B G K l ~ l ,6 G (0,1) such that C = 0A+ (1 - 0)B, r&nk(A-B) < n-1}. 
Moreover, if K is open, than all the sets K l are open. 

Lemma 3.6. Suppose that K C M mxn is open and bounded and that F G L°°(S1; M mxn ) is a 
piecewise constant function which satisfies 

DivF = in £>'(0;R m ) , 
F G K L a.e. 

Then, for each 5 > 0, there exists V 5 G L°°(Sl;M mxn ) such that 

V s = C(G S ) + F with G 5 G (W 1 '°°(f];M nxn )) m and piecewise linear, 
Vs G K a.e. , 

11^5 ||l°°(S1) < ^ j 

Gs\dn = . 

Proof. We first assume that F is constant. Then F G K % for some i. We argue by induction 
on i. If i = 1, then the result holds by Lemma 13.31 Now assume that the result is true for 
all i < j and let F G Then there exist A, B G such that rank(^4 — B) < n — 1 and 

F := OA + (1 — 6)B for some G (0, 1). By Lemma 13.31 there exists a piecewise linear function 
G such that ||G|| L oo(n) < 6/2, G\ dn = and dist(£(G), {A — F, B — F}) < 5. Since the set K' 
is open (see Remark l3.5p . for sufficiently small 5, the function U := C(G) + F satisfies U G K 3 
a.e. The latter inclusion implies that U can be written in the form U = Xn (Cft + -^)> 

h 

with + -F G K 3 and Xn ; characteristic functions of disjoint measurable subsets of $7. We 
can now apply the induction hypothesis on each subset to deduce the existence of functions 
G h G (VF 1 '°°(O fe ;M nXn )) m such that 

C(G h ) + C h + FeK a.e. in U h , 
\\ G h\\L°°(n h ) < V 2 > 
Gh\an h = . 

Finally let G$(x) := y]x n Gh + G and remark that HG^H^oo^) < 6 and Gs\on = 0. 
h 
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Now let F be piecewise constant. Then F = Xn ^k with F^ G K L . We now use the 

k 

previous argument in each subdomain J)*, where F is constant to obtain the existence of piecewise 
linear functions G k s G (W 1 ' 00 ^; M nxn )) m such that 

£(Gj) + F fc G K a.e. , 

\\L°°(n h ) < 8 > 
G k s\ao, k = 0. 

Finally we define G 5 := ^ Xn fc G 5 and set ^ : = £(G*) + D 

k 

The next step is to pass from open sets to more general sets K C M mxn . In order to do 
this we approximate K by open sets Ui and we construct approximate solutions Vi that satisfy 
Vi £Ui. Each of the approximate solutions Vi+i is obtained from V{ by an application of Lemma 
13.61 . This suggests in which sense the sets Ui have to approximate K. 

Definition 3.7. Let K C M mxn . We say that a sequence of open sets {Ui} C M mxn is an 
in- approximation of K if the following three conditions hold: 

1. Ui c Ut +l ; 

2. the sets Ui are uniformly bounded; 

3. if a sequence Fi G Ui converges to F as i — > oo, then F G K. 

Note that a necessary condition for K to admit an in-approximation is that the set Int(-K" ), is 
non-empty. 

We are now ready to state the main result of this section. 

Theorem 3.8. Assume that K admits an in-approximation by open sets Ui and let F G U\. 
Then, for each 5 > 0, there exists V 5 G L°°(ft;M m><n ) such that 

(3.2) V s = C(H S )+F with H 5 G (W 1 ' 00 (Q;M nxn )) m , 

(3.3) V s G K a.e. , 
(3-4) \\H s \\L°°{n) < S, 

(3.5) H s \ dn = 0. 

Proof. We construct a sequence of piecewise constant divergence free maps Vi such that 

(3.6) V = C(Hi) + F with Hi G (W 1 ' 00 ^; M nxn )) m , 

Vi G Ui a.e. , 

\\Hi+i — Hi\\ L oo(ty < 5i + \ 
Hi\an = . 

To start with, set H\ := and V\ := F. Since F G U2, we can apply Lemma 13.61 to deduce the 
existence of a function V% such that 
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V 2 = C(G 2 ) + F with G 2 G (W 1 ' 00 (n;M nXn )) m and piecewise linear, 
V 2 G U 2 a.e. , 
l|G , 2||L°°(n) < ^2 , 
G 2 \an = . 

with 5 2 = 5. We then define H 2 = G 2 . To construct Vi+i and 5i + \ from and ^, we proceed 
as follows. Let 

Sli := {x € n : dist(x,<9ft > 1/2*)}. 
Let q be a standard smooth convolution kernel in W 1 , i.e., p > 0, Jp = 1, Sptp C {|x| < 1}, 
and let Q £i {x) := e~ n g{x/ei). We choose G (0, 2~ l ) so that 

(3-7) \\g ei * Cm - Cm\\ LH a t) < Ji ■ 

where the convolution acts on each entry of the matrix field C{Hi). Now let 

(3.8) 5 i+ \ = 5iEi . 

and use Lemma I3T61 to construct a function G i+1 G (W 1 ' 00 (fl;M nxn )) m such that 

C(G i+1 ) + Vi G U i+1 a.e., 
l|Cj+i ||ioo(n) < Si+i . 

t+i 

Next we set flj+i := ^^Gj and define V^+i according to (|3.6p . so that 

i=2 

= £(G m ) + y< . 



Since 5i < 5/2 and, for i > j, 



i=2 



(3-9) H-Hj - f/j|| L cx>(n) < ^ II Cfc 1 1 (o) > 

k=j+i 

we find that Hi — > H^ uniformly. Moreover, since by construction the sequence {Hi} is uni- 
formly bounded in W 1,oc (fl), we have that 

£{Hi) ^ £(#oo) in L°° weak * . 

Taking H s = H^ and V 5 := C(H$) + F, we see that conditions ([32]) -([32]) -([321) hold. We are 
left to show that Vs G K a.e. To this end, we will prove the strong convergence of C{Hi) to 
C(Hs) in L l . Indeed, since 

(£(d>)( y )) fc - y)dy = " E X ^ " ' V $ G (^ 1,0 °(^; M nx ")) m , 

and since HV^JI^i < C/e^, we deduce from ()3.8p and (|3.9p 
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c 

I ft* * i C ( H i) - C ( H oo))\\ L i ({li ) ^ -\\ H i- H oo\\ Loo{n ) 



Si 
„ oo 

fe=i+l 

c 

< 2— <5j + i 

(3.10) < C'tfj . 

Combining (|3.7p and (|3.1U|) yields 

- £(^oo)|| Ll(n) < C"^ + 2" 4 + * LiH^) - /:(^oo)Li (nj) 

+ ||£(F i )-£(F 0O )|| il(m) . 

Since C{Hi) and £(ifoo) are bounded, we obtain -> £(#oo) in and thus ^ ->■ V 5 

in L 1 (J7). Therefore there exists a subsequence such that 

Vij -> Vj a.e. 

It follows from the definition of in-approximation that 

€ K a.e. 

□ 

4. Applications of the convex integration results to the study of the 

Born-Infeld equations 

4.1. Approach by Young measures. We formulate problem (|1.5|) - (|1.7|) in the language of 
A-convexity (see, e.g., [3J, [13]). Let C M 3 be an open bounded domain and let M. be defined 
by pi) . Let A^, A( 2 ), A® E M 2x10 be defined as follows 

(1) /1000000000 
0001000000 



A (3) 

We introduce the operators 



0100000000 
0000100000 

0010000000 
0000010000 



3 r)V 

i=i 

3 

A(u>) := ^A (i) u;i G Lin(M 10 ;]R 2 ) , «i£E 3 . 
i=l 
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where Lin(IR 10 ; M 2 ) denotes the space of linear operators from R 10 to M?. The operator A satisfies 
the constant rank property, i.e., 

rankA(»=2 VtoG§ 2 , 
where § 2 is the unit sphere in M 3 . Moreover 

kerA(u;) = {(a,fi,j) E M 3 x M 3 x M 4 : a _L w , 1 w} = M 2 x M 2 x M 4 . 
Therefore the characteristic cone A is all of R 10 . Indeed 



A := U we5 2kerA(w) = {(a,/3) G M 3 xIR 3 :]^1 3 such that /3}xM 4 = M 3 xIR 3 xIR 4 . 

Thus A-convexity reduces to standard convexity. Conditions (|1.5p - ([1.6p can be rewritten in 
terms of the costant rank operator A as 

(4.1) A(Vj) = in V(Q), 

(4.2) Vj E M a.e. in . 

One can also consider the approximate version of (|4.ip . where the differential constraint on the 
sequence {Vj} is replaced by the weaker condition 

(4.3) A{Vj) ->• strongly in W' 1 ^' (O) . 

The next Theorems 14.11 and 14.31 and their corollaries are special case of more general results 
contained in [3], where more general constant-rank operators are considered. Let us also mention 
that, in the gradient case, i.e., when the operator A is the curl operator, such results were first 
established by Kinderlehrer and Pedregal [7]. 

Theorem 4.1. Let 1 < p < +oo. Suppose that the sequence {Vj} generates the Young measure 
{v x }x<=n and let Vj ^ V in L p (f2;R 10 ). If {Vj} satisfies (|4.ip , or its approximate version (|4.3p , 
then 

(v x ,id) = V(x) € ker^A, 

\M\ p dv x (M) < oo. 

If in addition the sequence {Vj} is uniformly bounded in L°°(r2;lR 10 ) and fj4.2|) holds, then 



(4.4) supp v x C M. for a.e. x € . 

Corollary 4.2. Under the assumptions of Theorem \4-l[ if (|4.4p holds, then 

V(x) € A4 C /or a.e. x G $7 . 

Theorem 4.3. Lei 1 < p < +oo, and let {v x } x <^Q. be a weakly measurable family of probability 
measures on R 10 . Suppose that 



{v x , id) € ker A , 
/ / \M\ p dv x {M) < oo . 
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Then there exists a sequence {Vj} C L p (f2;R 10 ) satisfying (|4.ip that generates {v x }- 

Corollary 4.4. Let V 6 L p (tt;R 10 ). Suppose that A{V) = and V € M c a.e. Then there 
exists a sequence {Vj} C L p (f2;M 10 ) satisfying (|4.1|) such that 

dist(Vj,M) -)• in L P {Q) and Vj ^ V in L p (0;M 10 ) . 

Remark 4.5. By suitably projecting the sequence {Vj} provided by Corollary 14.41 onto M, one 
can obtain a sequence {Vj} C L P (Q;R 10 ) satisfying (|4.3p such that 

Vj € X a.e. and V,- ->> .M in L P (Q) . 

4.2. Approach by convex integration. We wish to use the convex integration approach 
developed in Section [3] to find maps which satisfy both the constraints (|4.ip - (|4.2p exactly and 
have a prescribed average in the convex hull M c . First, we introduce the appropriate definition 
of in-approximation for the set A4. 

Definition 4.6. We say that a sequence of open sets {Ui} C R 10 is an in-approximation of Ai 
if the following three conditions hold: 
' 1. UiCU? +1 ; 

2. the sets Ui are uniformly bounded; 

3. if a sequence Fi G Ui converges to F as i —> oo, then F G M. 

We will need the following characterization of A4 C , which is due to Serre |12j . 
Theorem 4.7. The convex hull M c is defined by 

M c = {(B, D, P, h) C M 3 x M 3 x M 3 x R : h > a/1 + \D\ 2 + \B\ 2 + \P\ 2 + 2\P — DA B\} . 
Proposition 4.8. The set A4 admits an in-approximation. 
Proof. We introduce the sequence of sets 

(4.5) Ui := {(D, B, P, h) G R 10 : \P - D A B\ < a { , 

^l + \D\ 2 + \B\ 2 + \P\ 2 + 8i <h< ^/l + \D\ 2 + \B\ 2 + \P\ 2 + e^} , 

where {ai} and {Ei} are decreasing sequences of real numbers such that S{ \ and Oi \ 0. 
Next we check that if 

(4.6) 2<7i < (ei-e i+1 ) 2 , 
then 

UiCU? +1 , Mi. 

Indeed we have 

U? +1 D{h> yjl + ID] 2 + \B\ 2 + |P| 2 + 2\P - D A B\ + e i+1 } , 
and, if (D,B,P,h) EU h then 

h > ^l + \D\ 2 + \B\ 2 + \P\ 2 + ei > y/l + |L>| 2 + \B\ 2 + \P\ 2 + 2\P - D A B\ + s i+1 . 



12 STEFAN MULLER AND MARIAPIA PALOMBARO 

The second inequality above follows from 

y/1 + \D\ 2 + \B\ 2 + |P|2 + Ei - e i+1 > y/l + \D\ 2 + \B\ 2 + \P\ 2 + (e l - e l+1 ) 2 

> a/1 + |L>| 2 + |5| 2 + |P| 2 + 2,7, 

> a/1 + |L>| 2 + \B\ 2 + \P\ 2 + 2\P - D A B\ . 

Then, for any given mi > 0, one can find a bounded increasing sequence of numbers {mi} such 
that the sets 

(4.7) Ui := Ui n {(£>, B, P, h) G E 10 : \D\ < m h \B\ < mj 
define an in-approximation of K. 

□ 

Lemma 4.9. Let F G Int(7W c ). Then there exists an in-approximation {Ui} of the form (|4.7p 
such that F gU±. 

Proof. We first choose mi, o"i, £i and £2 so that 

\F D \<mi, \F B \<mi, \F P - F D A F B \ < <j x , 
Fh < Vl + \FD\ 2 + \FB\ 2 + \Fp\ 2 + e 1: 

y / l + \F D \ 2 + \F B \ 2 + \F P \ 2 + e 2 < a/1 + |F D | 2 + \F B \ 2 + |F P | 2 + 2\F P - F D A F B | , 
2c7i < (ei - e 2 ) 2 . 

We then complete the sequences {<Tj}, {ei} in order to fulfill (|4.6p . and {?rij} accordingly. □ 

A straightforward adaptation of Lemma 13.31 and Lemma 13.61 to the ^4-setting yields the fol- 
lowing two results. 

Lemma 4.10. Let M, N G R 10 and let F := 9M + (1 - 6)N for some 9 G (0, 1). Then for each 
5 > 0, there exists V G L°°(0;IR 10 ) such that 

(4.8) V D = curl Gi+F D , V B = curl G 2 + F B with G X ,G 2 € W 1,0 °(S2;R 3 ) 

and piecewise linear, 

(4.9) ||Gi||L°°(n) < l|G , 2||L°°(n) < <5 ) 

(4.10) Gi|^ = 0, G 2 |an = 0, 

(4.11) dist((F D ,y B ),{(M D ,M B ),(iV D ,iV B )}) 

(4.12) (F P , Vfc) G {(M P , M h ), (N P , N h )} a.e. , 

(4.13) / V dx = F . 
Jn 

Proof. As in the proof of Lemma l3.3l we define the function U := %M + (1 — x)iV on the domain 
£l e so that = and / U = F. In order to define V, we follow the proof of Lemma 13.31 

and we modify Ud and U B accordingly, so that (|4.8p - (|4.1ip are satisfied. Leaving the other 
components of U unchanged yields (|4.12p - (|4.13p . □ 
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Lemma 4.11. Let {Ui} be the in- approximation of M provided by (|4.7|) . Suppose that F 6 
L°°(r2;R 10 ) is a piecewise constant function which satisfies 

AF = in V'(n) , 

F G Uf a.e. /or some i > 1 . 

Then, for each 5 > 0, i/iere exists V$ E L°°(J7;]R 10 ) suc/i £/ia£ 

= curl Gi + Fd, = curl G 2 + F B with Gi,G 2 G W 1 ' 00 ^;^ 3 ) and piecewise linear, 

\\Gi\\L°°(n) < $ > l|G , 2||L°°(n) < ^ > 
Gil an = , G 2 \qq = 0, 

V$ G i/j a.e. , 

f V 5 dx = F. 
Jn 

Proof. The proof is done by induction like that of Lemma 13.61 with an iterative use of the basic 
construction provided by Lemma 14.101 □ 

Theorem 4.12. Let F G Int(.M c ). Then for each 5 > there exists V s G L°°(0;R 10 ) such that 
(V S ) D = curl H 1 + F D ,(V S ) B = curl H 2 + F B , with H U H 2 € W^°° (fi; M 3 ) , 

||z,°°(n) < 11-^2 |U°° (n) < 5 , 
#i|dn = , H 2 \qq = , 
F GM a.e. , 

Jn 

Proof. By Lemma 14.91 there exists an in-approximation {Ui } of the form (|4.5p with F € U\. 
Following the strategy of the proof of Theorem 13.81 we construct a sequence of functions V, : 
n -> M 10 such that 

Vj G a.e. , 

= in V'ifl) , 

[ V l dx = F, 
Jn 

Vi ->V in L^fi), 

where the potentials of (V^)^ — Fd and (V^)b — F B can be chosen to be smaller than d and with 
zero boundary data. This can be done as in the proof of Theorem 13.81 by iteratively applying 
Lemma [4TTT1 Thus one gets Vj V in L°°(fl) weak *, and {Vi)d -> Vd, {Vi)b -> V B strongly 
in L 1 (17). Then, since the sequence {Vi} is uniformly bounded in L°°(f2), one has 

(VI) D A (Vi) B -^V D AV B strongly in L x (0) . 
Moreover, since V. G Ui a.e., recalling the definition of Ui we find 

\\(Vi)p- ((Vi) D A(Vi) B )\\ Lao{a) < a,, 
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and therefore 

(Vi) P ->V d AVb strongly in L 1 ^) . 
By definition of IA{, we also have that 



and therefore (Vi)h — >• Vh strongly in L 1 (Q). 



< £i-i 



□ 

Remark 4.13. Theorem 11.11 follows as a corollary of Theorem 14.121 
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